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Abstract

The purpose of this paper is to apply a deterministic dy-
namic programming (DDP) solution to a metro transit sys-
tem consisting of two stations, external power grid, fly-
wheel wayside energy storage unit, and a single subway
train. Previous approaches have been predominantly ap-
plication based and qualitative, rather than quantitative, in
their analysis. Our solution successfully creates an optimal
trajectory which is cyclic in nature, allowing the train to
pass between stations while maintaining a miminum energy
in the flywheel wayside energy storage system (WESS). Ad-
ditionally, the case without energy storage was briefly ex-
amined, and the result indicates there is significant energy
savings potential for a system with regenerative energy stor-
age.

1 Introduction

This paper develops an optimal subway train acceleration
and deceleration profile with respect to the energy usage of
an external power source and wayside energy storage sys-
tem (WESS). Given fixed distance, time, and operational
constraints the system’s performance will be maintained
for every cycle. Our analysis will take advantage of the
regenerative braking capability of traction motors to allow
the train to both draw and supply power. Based on the
costs of each action with regard to power prices as well as
resistive losses in the third rail, an optimal path will be
produced via deterministic dynamic programming (DDP),
a tool that can be used to compute the optimal trajectory
of a constrained problem. DDP is a backward stepping al-
gorithm that examines the current cost, the transition cost
of a particular move, and which sum of the two costs will
be the least. In this manner, the overarching solution is
composed of smaller optimal sub trajectories. It is criti-
cal to develop a cost function and transition matrix which
accurately represent the problem while also being manage-
able in complexity. To begin this process, we examined
the available literature concerning subway energy storage
systems.

1.1 Energy Saving Potential

Currently, subway cars are powered by a third rail, usu-
ally running between or next to the tracks on which the
wheels reside. It carries DC current up to 1500 V , and
is an alternative to the traditional overhead wire systems
used in above ground train systems. During acceleration
away from the station power is drawn from this third rail to
drive electric traction motors, and during deceleration the
generated current is dissipated as heat through under floor
resistor grids [1]. Applying energy saving devices to im-
prove this model is not a new concept, and is driven by the
continued demand for mass transit services at lower energy
cost and environmental impact. The planet now has 182
metro systems, transporting 102 million passengers daily
over a combined 10,542 km of track, so the potential exists
that small efficiency gains will have a wide ranging impact
[2]. A number of ideas have been developed to address
this concern over the years, with super capacitors and fly-
wheel energy storage being the prime candidates; both of
these technologies are able to take advantage of the fre-
quent charge and discharge cycles characteristic of subway
transit [3].

Figure 1: Peak power versus specific energy for various
energy storage technologies [4].
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However, as illustrated by Figure 1, advanced com-
posite flywheels provide significant advantages in specific
energy while providing equivalent peak power when com-
pared to super capacitors.

1.2 Flywheel Technology

When examining flywheels there are a number of techni-
cal characteristics that are particularly important. First,
losses can play a significant factor, namely through bear-
ing friction and windage. In order to address this, modern
systems incorporate magnetic bearings and vacuum envi-
ronments, which help alleviate these issues to a large de-
gree. Additionally, flywheels were once typically made of
dense metal and limited in maximum rotational velocity
due to the risk of a material flaw and the ensuing safety
concerns. In response, composite flywheels have been de-
veloped which are both more structurally sound and safer
if failure occurs [5]. A summary of key flywheel facts can
be seen below in Table 1, with energy values specifically
pertaining to train-capable systems.

Table 1: Selected Flywheel Characteristics [5]

Category Value

Storage Mechanism Mechanical
Rotor Material Metal or Composite
Rotor Mass (kg) 2500
Service Lifetime (years) >20
Number of Manufacturers Approx. 10
Peak Power (kW) 2
Stored Energy (MJ) 470
Rotational Velocity (rpm) 15,000
Rim Speed (m/s) 950
Charge Storage Time Hours
Price per kW ($) 400-800

1.3 Optimal Control of Flywheels

When implementing flywheels, there are two potential op-
tions: onboard storage or a WESS. A 1971 study spon-
sored by the Urban Mass Transportation Administration
(UMTA) under the Department of Transportation (DOT)
represented the “world’s first use of the energy storing fly-
wheel to propel subway transit cars”. The New York Metro
Transit Authority (MTA) reported an energy savings of
25-40% on complete route runs, depending on the type of
service [6, 7].

Another major work addressing onboard flywheel en-
ergy storage during this time period was “Regenerative
Drive for Subway Trains” by Flanagan and Suokas. Much
like the previous study, a real life mass transit system
was examined, namely the Toronto Bloor-Danforth subway
line. However, these two landmark investigations differ be-
cause this particular case utilized numerical optimization

of the flywheel control system, representing a significant
theoretical advance and the first instance where control
theory was applied. Their control system implemented
a finite difference method in which two numerical mod-
els were created: one governing the equations of motion
for the flywheel and another for the track itself. In cre-
ating these equations of motion the flywheel shape, size,
material, losses, and operational ranges were considered in
detail, representing the most in-depth mechanical analysis
with respect to subway integration performed up to that
point. As for the track model, due to real data provided
by the Toronto Transit Commission (TTC) several key as-
pects could be considered, such as track grades, curvature,
and accurate station distances. Additionally, acceleration
and deceleration profiles which operators used in common
practice were defined, adding further realism as passenger
comfort was implicitly considered for the first time (an idea
which was extended to energy conservation as well [8]). As
a result of their efforts, the authors concluded that flywheel
energy storage would result in 26 percent energy savings for
the Bloor-Danforth subway line on a daily round trip basis,
even considering various vehicle load ranges [9, 10, 11, 12].

1.4 Feasibility for Energy Storage

One particular paper that directly resulted from the early
feasibility studies was “Wayside Energy Storage for Re-
cuperation of Potential Energy from Freight Trains” by
Lawson et al., initiated by the DOT’s research activities
in 1977. The purpose was “to determine whether or not
wayside energy storage, using present state-of-the-art tech-
nology, could provide a cost-effective means of reducing the
high energy consumption of railroad freight operations on
grades”. First, the authors attempted to determine if fly-
wheel storage was indeed the best technology to use in
a rail application with heavy loads and unique accelera-
tion and braking characteristics. This was accomplished by
a comparative technical study which considered batteries,
compressed air, hydroelectric, and traditional utility sup-
plies alongside flywheels. Ultimately, it was found that fly-
wheels are indeed the most economic and efficient method
for storing energy with consumption at a later time; in
particular, it had strengths in round trip efficiency, cycle
life, and service life. When an optimal flywheel design,
which is outlined in the paper, was applied to the various
lines being considered it was found that WESS has signifi-
cant viability. For example, it was calculated that the Los
Angeles - Belen route could potentially save 27.82 million
gallons annually based on 1990 traffic levels [13].

At the end of this study, the authors state that “WESS
is highly compatible with presently electrified railroads and
can affect substantial economies by shaving the peak de-
mand”. Furthermore, “the WESS concept enhances the
economics of railroad electrification and permits evolution-
ary electrification of complete routes”, and “the flywheel
technology required for WESS can be based on the state of
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the art . . . future improvements in composite flywheel fab-
rication techniques should reduce costs and make larger
capacity flywheels possible” [13, 14].

1.5 Contemporary Work on Flywheels

After the progress made in 1976 and 1977 by Flanagan
et al. as well as the DOT, the literature regarding fly-
wheel energy storage in mass transit largely went silent
until 2009 when Barrero et al. published “Stationary or
Onboard Energy Storage Systems for Energy Consumption
Reduction in a Metro Network”. While examining capac-
itive energy storage rather than flywheels, this paper was
important because it used a modern modeling and simula-
tion method in combination with real data from a Brussels
metro line to determine the viability of an energy storage
system (ESS). The particular tool used in this case was a
“quasi-static” backwards looking model, which integrated
a network model with representations for the subway ve-
hicle, ESS, and external power supply in terms of both
electrical and mechanical state equations. One of the key
aspects considered were track resistances, which represent
the first effort to implement dynamics of this type [15]. A
representation of this network model can be seen below, in
Figure 2:

Figure 2: Network Model with Subway Vehicles, ESS, and
External Power Supply [15].

When both options were considered, the authors con-
cluded that if vehicle autonomy is not an issue and the elec-
trical network can cope with relatively large power peaks,
the stationary ESS is a more reasonable option; this is
due to lower installed capacity requirements, ease of in-
stallation, elimination of retrofitting, and good simulation
results [15].

Further contemporary support for the use of WESS fly-
wheels in metro systems can be found in the paper “Sta-
tionary Applications of Energy Storage Technologies for
Transit Systems” by Radcliffe et al., which details its ap-
plication in the London underground’s Piccadilly line. If
this optimal system was present, it was estimated that en-
ergy consumption could be reduced by up to 26% and in-
vestment payback would occur within five years [16].

2 Methodology

To explore how the regenerative braking energy of a sub-
way train can be stored with a WESS we wanted to mod-
eled a specific case where there were two stations and two
flywheels as shown in Figure 3. In order to allow the simu-
lation to arrive at an optimal solution in a reasonable time-
frame the model was simplified to one flywheel between two
stations.

Figure 3: Specific case with two stations and two flywheels.

In section 2.1 we’ll consider the system dynamics gov-
erning the velocity and position of the train as well as the
energy storage of the flywheel. In section 2.2 the static
algebraic constraints which define the electrical system for
each time instant will being examined.

2.1 Modeling Equations

Our states are the velocity of the train, the position of the
train and the velocity of the flywheel. The velocity can be
derived from the governing equation for the train:

m1v̇ = Finput − Frolling − Faero (1)

Based on the notation shown in Figure 4:

Figure 4: Simplified case with one flywheel between two
stations.

m1ẋ1 = u1 − frm1g −
1

2
CwAρx

2
1 (2)

In this equation x1 is the train velocity and u1 is the
input force on the train. The mass of the train is m1 and
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Figure 5: Electrical equivalent circuit for case 1 (train between station 1 and flywheel).

gravity is defined as g. Rolling resistance of a steel wheel
on a steel rail is fr, the aerodynamic drag coefficient is Cw,
the frontal area of the train is A, and the air density is ρ.
Velocity is the time derivative of position, so our second
governing relation is:

ẋ = v (3)

Changing the variables to match our state equation
notation shown in Figure 4, where x2 is the distance the
train has travelled from station 1, we get:

ẋ2 = x1 (4)

The governing equation of the flywheel is:

Iω̇ = Tinput − cω2 (5)

The term ω is the rotational velocity of the flywheel.
Substituting for I, the moment of inertia, and changing to
state equation notation where x3 is the flywheel speed, this
becomes:

1

2
m2r

2ẋ3 = u2 − cx23 (6)

The terms m2 and r are the mass and radius of the
flywheel respectively, u2 is the input torque and c is a term
accounting for losses over time.

2.2 Problem Constraints

This section enumerates a few values which are critical to
the problem setup: the station-to-station distance, the top
speed of the train, and the acceleration of the train and
flywheel. We started by selecting a maximum desirable
train acceleration of 1 m/s2 and we estimated a reasonable
train mass to be 50000 kgbased on the available literature.
Using the estimated train mass and the maximum allowed
acceleration we determined the bounds of the force on the
train to be -50 – 50 kN . For the given track length of
1000 m, the six given time steps of 20 seconds, and the
maximum allowed acceleration of 1 m/s2 we were able to
determine velocity bounds of 0 – 20m/s. Based on a survey

of the literature we chose a normal operating velocity for
the system’s flywheel of 1310 rad/s and a flywheel mass of
2500 kg. We chose the flywheel torque range to be -450 –
450 N −m so that the flywheel would be able to supply or
absorb the majority of the power to or from the train. Then
from Newton’s Second Law the range of flywheel speeds
was determined to be 1290 – 1330 rad/s. The estimated
resistances to represent the motor and flywheel efficiencies
were set at 0.185 Ω to give a reasonable range of values.

2.3 Static Equations

In order to understand the interactions between electrical
current and voltage Figure 4 was converted to an electrical
representation, shown in Figure 5. Equations 7 and 8 were
derived using Kirchhoff‘s current law with Figure 5 as a
guide. Starting with a node analysis at the two nodes in
the system, Kirchhoff‘s current law yields:

I1 = I2 + I3 (7)

I3 = I4 + I5 (8)

In equations 7 and 8, I1 and I5 are electrical currents
to or from the external power source. The electrical cur-
rents I2 and I4 in these equations are the electrical currents
to the train and flywheel respectively. Finally, I3 is the
third-rail current between the train and the flywheel. The
nominal electrical current directions are shown in Figure 5.

Next we develop the equations for power to the train
and flywheel, in that order:

u1x1 = I2(V0 − I1(R′ +
R

D
x2) − I2RMG) (9)

u2x3 = I4(V0 − I1(R′ +
R

D
x2)

−I3
R

D
(0.5D − x2) − I4RFW ) (10)

We are equating the mechanical power of the train
and flywheel to the DC electrical power supplied through
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the third rail. Here, R′ is an effective substation resis-
tance, R/D is a per-meter third rail resistance, and RMG

and RFW are effective resistances that represent efficiency
losses in the traction and flywheel motors respectively. Fi-
nally, by Kirchhoff‘s voltage law we arrive at:

I5(R′ +
R

D
(0.5D)) =

−I1(R′ + R
Dx2) − I3

R
D (0.5D − x2)) (11)

This equation shows the voltage drop from station 1
power supply to the flywheel node must be the same as the
voltage drop from station 2 to the flywheel node.

In the case shown the train is between station one and
the flywheel; there is another separate but similar set of
equations for the case where the train is between the fly-
wheel and station 2. For this separate derivation refer to
appendix A.

The solution to these equations is generated numeri-
cally using the MATLAB function FSOLVE. This function
uses one of three algorithms, defaulting to the trust-region-
dogleg algorithm. We were not able to solve the system of
equations for every combination of states and inputs but
the ones that did not converge to the correct solution ap-
pear to be in the infeasible region.

After the system of equations is solved for every state
and input, the net power into and out of the system from
the power supply is calculated. Given the ratio of purchase
to resale cost being 3.33, the total cost of each combination
of states and inputs is generated and stored in a five di-
mensional table, indexed to the corresponding states and
inputs. This is our transition cost table, which will be
called in our deterministic dynamic programming (DDP)
code to minimize power into and out of the power supply.

2.4 Dynamic Programming

For our analysis we will use Bellman’s optimality principle
to find the optimal sub-paths and thus the optimal path.
According to Bellman’s principle, for a path to be opti-
mal every conceivable sub-path must also be the optimal
trajectory between the two points. For an in depth discus-
sion of Bellman’s optimality principle which is beyond the
scope of this discussion, refer to Bertsekas [17].

There are two main reasons why we are considering
this problem as deterministic. The first is that we know
the states and inputs at the terminal state (station two).
A stochastic model where the flywheel terminal state is un-
known could also be valid, but we have simplified this prob-
lem by constraining the flywheel terminal velocity. The
primary feature of the system which allows us to make
this assumption is that the trains will be accelerating and
braking in the same areas. In order to minimize grid energy
consumption regenerated braking energy must be stored.
Without the flywheel end state constraint the energy stored

in the flywheel would continually decrease with each pass-
ing train and the system would no longer be deterministic.

We proceed by stepping backwards from the terminal
point and comparing the cost of transition from the current
time step to the next time step forward for every possible
state and input combination as represented by the valley
in Figure 6. By selecting the minimum transition cost and
saving it to an additive cost to go matrix we ensure that ev-
ery step backwards is optimal. This allows us to construct
the overall optimal path by recording the states and inputs
that generate the lowest cost route as shown in Figure 7.

Figure 6: Cost to go matrix set to a zero value at the
desired terminal point and an “infinite” value everywhere
else.

Finding the transition cost matrix is computationally
expensive using FSOLVE. To mitigate this effect we solved
equations 7-11 for the coarse state and input meshes and
then interpolated between the points on the mesh. MAT-
LAB has a built-in function, INTERPN, which can inter-
polate on an n-dimensional matrix. We used linear interpo-
lation to increase mesh resolution by a factor of two as seen
below in Table 2. This does increase the computational
cost of the dynamic program but it is more computation-
ally efficient than actually increasing our mesh resolution
for the transition cost matrix. It should be noted that
there is some corresponding decrease in accuracy with this
linear interpolation although no formal analysis was done
in this study.

To calculate the new states on the time mesh we used
forward Euler integration as a method of approximation.
Without careful planning of mesh size it requires the use
of some “reverse interpolation”. We used nearest neighbor
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Table 2: State and Input Mesh Refinement

Variable Coarse Mesh Fine Mesh

x1 0 : 5 : 25 0 : 2.5 : 25
x2 0 : 100 : 1100 0 : 50 : 1100
x3 1290 : 5 : 1330 1290 : 2.5 : 1330
u1(103) -50: 12.5 : 50 -50 : 6.25 : 50
u2 -450 : 112.5 : 450 -450 : 56.25 : 450

interpolation to compare each newly calculated state value
to the corresponding state mesh. This method forces the
state value to the closest mesh point; the dynamic pro-
gram uses this estimated point to calculate the next step
backwards.

Figure 7: Cost to go matrix for a backwards step showing
the potential paths for the velocity to follow.

2.5 Assumptions

In the course of developing our dynamic and static equa-
tions several assumptions were made in order to simplify
our analysis:

1. The flywheel is in a vacuum and resting on magnetic
bearings, which are features in most modern systems.
This allows us to neglect friction and windage losses
in our mechanical state equations.

2. The flywheel will not mechanically fail at any point
within the operating range used in our simulation.

3. The subway car is modeled as a rectangular box, and
therefore aerodynamic drag is based on cross sectional

area.

4. Based on values provided within the literature, the
following constants were used:

a. Train car mass: 50,000 kg

b. Flywheel mass: 2,500 kg

c. Flywheel radius: 0.6 m

d. Rolling resistance coefficient: 0.005

e. Aerodynamic drag coefficient: 0.6

f. Air density: 1.2 kg/m3

g. Frontal area: 9.29 m2

g. Substation Losses (R′): 0.0013 Ω

5. The track which the subway train follows is perfectly
straight and level, containing no grades or misalign-
ment.

6. The track material is isotropic and therefore has a
constant resistance of 24.6 mΩ/km.

7. The external power supply has an infinite ability to
deliver or absorb energy as dictated by the system.

8. Our process is cyclic and assumes subway trains are
departing and arriving from stations at a constant,
synchronized rate. This means the flywheel will al-
ways return to its initial state of charge.

3 Results

Running the DDP simulation produced the plots shown
in Figures 8 and 9. The plot of train velocity at each
time step in Figure 8 (A) validates our requirements of the
train traveling 1000 m in 120 seconds without the velocity
increasing over 20 m/s and ending at the terminal velocity
state of 0 m/s at the second station.

The plot of flywheel velocity at each time step in Fig-
ure 8 (B) validates our requirements of the flywheel re-
turning to the initial velocity value at the end of the run
without dropping below 1290 rad/s. To confirm that all
states converged to their specified terminal value, Figure 9
was included to show that the distance requirements were
also satisfied in the pre-determined time frame.

Figure 9: Distance the train has travelled at each time
step.
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Figure 8: Plots obtained from the DDP simulation. (A) Train velocity at each time step, (B) Flywheel velocity at each
time step.

Comparing the velocity profile of the train to the ve-
locity profile of the flywheel shows that the flywheel de-
creases in speed as the train accelerates during the first
time step and the holds steady as the train brakes during
the second time step. The energy from the train is sold
back to the power supply rather than being stored in the
flywheel during this regenerative braking period. During
the second train acceleration the flywheel is being drained
to supplement what is being drawn from the power sup-
ply. As the train decelerates a second time, the distance
it has traveled nears the halfway point where the flywheel
is positioned, therefore the flywheel absorbs some of the
energy because rail losses would be the lowest along the
trip. The final train acceleration does not affect the fly-
wheel speed because the flywheel is being forced to return
to it’s initial velocity value, which is validated as the final
train deceleration returns the flywheel to its required ter-
minal velocity value; the rest of the energy is sold back to
the power supply.

4 Conclusions

In the final analysis we determined that our results were
accurate within the constraints of the problem along with
the many assumptions that we made, however they are
not viable in a realistic context. The biggest drawback of
our simplifications was the “efficiency” being calculated as
a resistive loss. This was a problem because our method
did not accurately capture the effect of a real motor ef-
ficiency map, which would have lower efficiencies at low
speeds and high torques, and higher efficiencies at high
speeds and moderate torques. Our approach with resistive
losses resulted in very high efficiency values at lower speeds
and power losses that increased quadratically as current in-
creased. This shows an inverse relationship from what the
efficiencies should have been compared to what are simu-
lation produced.

The flywheel velocity changed appropriately given the
static algebraic constraints that were applied and the train
velocity profile which was produced. This shows that our

relationship between train and flywheel velocity was accu-
rate. Overall, the DDP algorithm converged to the ter-
minal state values that we specified in the time frame re-
quired. This implies that the transition cost matrix that
was pre-calculated was implemented correctly into the sim-
ulation and preserves the cyclic requirement of the system.
We also ran a case where the flywheel was forced to stay at
the same speed and not absorb or disperse energy to the
train, and since the train velocity profile didn’t change we
can say that there is a potential for cost savings with the
flywheel storage system.

5 Future Work

Given enough time and computing power we would make
our state meshes much finer, resulting in increasingly ac-
curate results. Also, this accuracy could be enhanced by
performing a comparative study of the interpolation pa-
rameters used to add detail to the transition cost ma-
trix.Therefore, appropriate efficiency maps should be cre-
ated and included in the overall model.

Additional candidates for reevaluation are our various
mechanical characteristics; the train car weight, size, and
passenger capacity as well as the flywheel energy capacity,
speed, and size. Along the same lines, the track model
itself could be improved, incorporating the various grades
and curves which are inherent in many systems.

An even more fundamental obstacle to consider is the
assumed cyclic nature of the mass transit system, which is
currently relatively simple. Given the chance, we could im-
plement some aspects of an imperfect case, such as to vary-
ing station distances, train frequencies, and station capac-
ities; this problem may be better modeling with stochas-
tic dynamic programming (SDP) rather than DDP. Lastly,
our overall structure of a single flywheel/two station de-
sign could be altered to the more ideal two flywheel/two
station design which was previously disregarded due to di-
mensional complexity and the associated time and com-
puting costs.
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A Case 2 Constraint Equations

The second case of algebraic constraints for when the train
passes the midpoint of the run are as follows:

I1 = I3 + I4 (12)

I3 = I2 + I5 (13)

u1x1 = I2(V0 − I1(R′ +
R

D
(0.5D))

−I3
R

D
(x2 − 0.5D) − I2RMG) (14)

u2x3 = I4(V0 − I1(R′ +
R

D
(0.5D)) − I4RFW ) (15)

−I1(R′ +
R

D
(0.5D)) =

I5(R′ + R
D (D − x2)) + I3

R
D (x2 − 0.5D)) (16)
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